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Background & Motivation

Exponential sums
Consider the classical model for noisy  observations:

𝑦 𝑛 =  ෍

𝑖=1

𝑀

𝑏𝑖𝑧𝑖
𝑛 + 𝑤 𝑛 ,

     where 𝑧𝑖 = 𝑒 −𝛼𝑖+𝑗𝜃𝑖 , 𝑤~𝑁(0, 𝜎𝑤
2 )

Motivation

Goal: Accurately estimate all signal parameters.

This is a fundamental detection-estimation problem.
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Existing approaches
Classical Algebraic (super-resolution)
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Existing approaches
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𝜃1 − 𝜃2 <
2𝜋

𝑁



The Matrix-Pencil (MP) Methode

The noiseless case

         𝑦 𝑛 = σ𝑖=1
𝑀 𝑏𝑖𝑧𝑖

𝑛       (1)

𝒀0, 𝒀1 ∈ ℂ 𝑁−𝐿 ×𝐿

𝑟𝑎𝑛𝑘 𝒀0 = 𝑟𝑎𝑛𝑘 𝒀1 = 𝑀
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The Matrix-Pencil (MP) Methode
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In the presence of noise 

𝑟𝑎𝑛𝑘 𝒀0 = 𝑟𝑎𝑛𝑘 𝒀1 =  L 

• 𝐿 − 𝑀 extraneous, noise
related components.

• 𝒀0 ≈ 𝑼 ෡𝑀 𝚺 ෡𝑀𝑽 ෡𝑀
𝐻
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In presence of noise

𝑦 𝑛 = ෍

𝑖=1

𝑀

𝑏𝑖𝑧𝑖
𝑛 + 𝑤(𝑛)

𝒀0, 𝒀1 ∈ ℂ 𝑁−𝐿 ×𝐿

 𝑟𝑎𝑛𝑘 𝒀0 = 𝑟𝑎𝑛𝑘 𝒀1 = 𝐿

Extending the MP theorem: Accounting for noise
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The Spectral-Modes

• 𝚽𝐿and 𝚽𝑅 are termed left and 
right spectral-modes.

• 𝚽𝐿  and 𝚽𝑅 are also the pseudo 
inverse matrices of the left and 
right eigenvector matrices.

• The 𝐿 left modes can be divided 
into two types: 𝑴 signal modes, 
and 𝑳 − 𝑴 noise modes.

• It was shown in a subsequent work that 𝑪𝐿  also has an obscured Vandermonde structure, but less pronounced.
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Introducing Spectral-Modes



Structure-Aware Matrix-Pencil Methode (SAMP)
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Simulation results



12

Simulation results



13

Spectral-Modes in Array Signal-Processing

We show that the same principle 

 estimate ⇒ select 

can be applied to the task of DoA 
estimation using ESPRIT.

• The received signal at the 𝑘-th sensor is expressed by 

𝑦𝑘 𝑛 =  σ𝑚=1
𝑀 𝑠𝑚 𝑛 𝑧𝑚

𝑘 + 𝑤𝑘 𝑛 ,        where 

𝑧𝑚 = 𝑒−𝑗
2𝜋

𝜆
𝑑 sin 𝜃𝑚
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The ESPRIT approach



15

The ESPRIT approach
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Using the modes in ESPRIT
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Preliminary results

SNR = 10 dB

N = 100
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Thank you !
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  y  ( n ) =    ∑  i = 1 M   b i  z i n + w  ( n ) ,


     z i = e   (  −  𝛼 i + j  𝜃 i ) ,     w ~ N ( 0 ,  𝜎 w 2 )


   |   𝜃 1 −  𝜃 2 | <   2 𝜋 N


  y  ( n ) =  ∑  i = 1 M   b i  z i n


   𝒀 0 ,    𝒀 1 ∈  ℂ   (  N − L ) × L


  r a n k  (   𝒀 0 ) = r a n k  (   𝒀 1 ) = M


  r a n k  (   𝒀 0 ) = r a n k  (   𝒀 1 ) =  L 


  L − M


   𝒀 0 ≈  𝑼   M ^    𝚺   M ^  𝑽   M ^ H


  r a n k  (   𝒀 0 ) = r a n k  (   𝒀 1 ) =  L 


  L − M


   𝒀 0 ≈  𝑼   M ^    𝚺   M ^  𝑽   M ^ H


  y  ( n ) =  ∑  i = 1 M   b i  z i n + w ( n )


   𝒀 0 ,    𝒀 1 ∈  ℂ   (  N − L ) × L


  r a n k  (   𝒀 0 ) = r a n k  (   𝒀 1 ) = L


   𝚽 L


   𝚽 R  


   𝚽 L


   𝚽 R


  L


  𝑴


  𝑳 − 𝑴


   𝑪 L


  ⇒


  k


   y k  ( n ) =    ∑  m = 1 M   s m  ( n )  z m k +  w k  ( n ) ,


     z m = e  − j   2 𝜋 𝜆 d   sin ⁡   𝜃 m

